Minimal length, maximal momentum and Hilbert space representation of quantum 

mechanics 
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Kempf et al. in Ref.[IJ have formulated a Hilbert space representation of quantum mechanics 
with a minimal measurable length. Recently it has been revealed, in the context of doubly special 
relativity, that a test particles' momentum cannot be arbitrarily imprecise and therefore there is 
an upper bound for momentum fluctuations. Taking this achievement into account, we generalize 
the seminal work of Kempf et al. to the case that there is also a maximal particles' momentum. 
Existence of an upper bound for the test particles' momentum provides several novel and interesting 
features, some of which are studied in this paper. 
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INTRODUCTION 



It is now a well-known issue that gravity induces uncer- 
tainty. Incorporation of gravity in quantum field theory 
leads naturally to an effective cutoff (a minimal mea- 
surable length) in the ultraviolet regime. In fact, the 
high energies used to probe small distances significantly 
disturb the spacetime structure by their powerful grav- 
itational effects. Some approaches to quantum gravit 
such as string theory |2fl-[8|l , loop quantum gravity 
and quantum geometry [101 ] all indicate the existence of 
a minimal measurable length of the order of the Planck 
length, l p i ~ lCU 35 m (see also [Hj]-[l3j]). Moreover, some 
Gedanken experiments in the spirit of black hole physics 
have also supported the idea of existence of a minimal 
measurable length So, existence of a minimal ob- 

servable length is a common feature of all promising 
quantum gravity candidates. The existence of a minimal 
measurable length modifies the Heisenberg uncertainty 
principle (HUP) to the so called Generalized (Gravita- 
tional) uncertainty principle (GUP). In HUP framework 
there is essentially no restriction on the measurement 
precision of the particles' position so that Axq as the 
minimal position uncertainty could be made arbitrarily 
small toward zero. But this is not essentially the case in 
the GUP framework due to existence of a minimal un- 
certainty in position measurement. The presence of the 
minimal observable length also modifies the Hamiltonian 
of physical systems leading to Planck scale modification 
of the energy spectrum of quantum systems. This is- 
sue stimulated a lot of research programs in recent years, 
some of which are addressed in Refs. [l5j]-[3lj]. One can 
adopt the concept of the existence of a minimal observ- 
able length as a nonzero minimal uncertainty Axo in po- 
sition measurements. This feature would be a route to 
the noncommutative structure of spacetime at the Planck 
scale and makes spacetime manifold to have a foam-like 
structure at this scale. Based on these arguments, one 
cannot probe distances smaller than the Planck length 
in a finite time. In an elegant paper, Kempf et al. have 
formulated the Hilbert space representation of quantum 



mechanics in the presence of a minimal measurable length 
[l[. This work has been the basis of a large number of 
research programs in recent years. 

On the other hand, Doubly Special Relativity theories 
(for review see for instance [32[ ) suggest that existence of 
a minimal measurable length would restrict a test parti- 
cles' momentum to take any arbitrary values leading to 
an upper bound, P m ax, on this momentum. This means 
that there is a maximal particles' momentum due to fun- 
damental structure of spacetime at the Planck scale [331 ]- 
[36| . Here we are going to generalize the seminal work of 
Kempf et al. to the case that the existence of a maximal 
particles' momentum is considered too. This extra in- 
gredient brings a lot of new features to the Hilbert space 
representation of quantum mechanics at the Planck scale. 
We note that a more general case includes also a nonzero, 
minimal uncertainty in momentum measurement as well 
as position. However, this general case is far more diffi- 
cult to handle since neither a position nor a momentum 
space representation is available (see Refill] for more de- 
tails) . Here we consider the case that there is just a min- 
imal uncertainty in position and particles' momentum is 
restricted also to the upper bound P m ax ■ By allowing the 
minimal uncertainty in momentum to vanish, the Heisen- 
berg algebra can be studied in momentum space easily. In 
this manner, we can explore the quantum physical impli- 
cations and Hilbert space representation in the presence 
of a minimal measurable length and a maximal particles' 
momentum. We compare our results with Kempf et al. 
work [l[ in each step. 



II. A BRIEF ABOUT GUP 

A. GUP with a minimal length 

In ordinary quantum mechanics, the standard Heisen- 
berg Uncertainty Principle (HUP) is given by 



AxAp > 



(1) 



2 



There is no trace of gravity in this relation. Today 
we know that HUP breaks down for energies close to 
the Planck scale where the corresponding Schwarzschild 
radius becomes comparable with the Compton wave- 
length and both becoming approximately equal to the 
Planck length. By taking into account the gravitational 
effect, emergence of a minimal measurable distance is 
inevitable. This is encoded in the following General- 
ized (Gravitational) Uncertainty Principle (GUP) [29] 



AxAp > 



h 

2 



(Ap) 2 



(2) 



The additional term , /3 (^;(Ap) 2 //l) has its origin on 
the very nature of spacetime at the Planck energy scale. 
It was shown in [l| that the simplest GUP relation which 
implies the appearance of a nonzero minimal uncertainty 
Axq in position has the form 



AxAp > ~ ( 1 + (3(A P ) 2 + p{pf 



(3) 



where (3 is the GUP parameter defined as (3 — 
P /(M pl c) 2 = Pal 2 pl /h 2 , and M pl c 2 sa 10 19 GeV is the 
4-dimensional fundamental scale. It is normally assumed 
that /?o , which is a dimensionless number, is not far from 
unity, that is, /?o ~ 1 (see for instance (23[-[28j]). At en- 
ergies much below the Planck energy, the extra term in 
right hand side of (2) would be irrelevant, which means 
/3 — » and the standard HUP relation is recovered. In- 
stead, approaching the Planck energy scale, this term 
becomes relevant and, as has been said, it is related to 
the minimal measurable length. From an string theory 
viewpoint, since a string cannot probe distances smaller 
than its length, existence of a minimal observable length 
is natural. 

Since for any pair of observables A and B (which are 
represented as symmetric operators on a domain of A 2 
and B 2 ) one has 

AAAB > ^|([A,B])|, 

one finds the following algebraic structure 

[x,p}=ih(l + /3p 2 ). (4) 

Following Ref.[l|, we define position and momentum op- 
erators for the GUP case as 



X = x 



p=p(i + Pp 2 



(5) 
(G) 



where x and p ensure the Jacobi identities, namely 
[a?i,Pj] = ihSij , [xi,Xj] = and = 0. Now it 

is easy to show that X and P satisfy the generalized 
uncertainty principle. We interpret p as the momen- 
tum operator at low energies which has the standard 
representation in position space, i.e. pj — jff- , and 
P as the momentum operator at high energies, where 
has the generalized representation in position space, i.e. 



Pj = 



h d 



dxj - 



B. GUP with minimal length and Maximal 
momentum 

Magueijo and Smolin have shown that in the context 
of the doubly special relativity (DSR), a test particles' 
momentum cannot be arbitrarily imprecise and therefore 
there is an upper bound for momentum fluctuations (33[- 
[35} . Then it has been shown that this may lead to a 
maximal measurable momentum for a test particle [36| . 
In this framework, the GUP that predicts both a mini- 
mal observable length and a maximal momentum can be 
written as follows I23I1-I28II 



AxAp > 



( l-2a(p)+ 4a 2 (p 2 ) ) 



(7) 



In this framework the following algebraic structure can 
be deduced (see [28[ for details) 



[x, p] = ih(l — ap + 2a 2 p 2S j 



(8) 



where a is the GUP parameter in the presence of 
both minimal length and maximal momentum and a = 
ao/M p ic — aolpi/H . We note that the constants a and 
j3 are related through dimensional analysis with the ex- 
Similar to the minimal length case, 



pression [a J 
we can define |2i 



X = 



p [X — ap ■ 



2a 2 p 2 



(9) 



(10) 



where, as before x and p satisfy the canonical commu- 
tation relations via the Jacobi identity, and, X and P 
satisfy the generalized commutation relation in the pres- 
ence of minimal length and Maximal momentum 



[X,P] =ih[l-ap 



2a 2 p 2 



(11) 



In comparison with the previous subsection, here there is 
an extra, first order term in particle's momentum which 
has its origin on the existence of a maximal momen- 
tum. This term is the source of differences between 
our analysis of the Hilbert space representation and the 
seminal work presented in Ref.[l]. Before treating our 
main problem, here we digress for a moment to show 
how maximal momentum arises in this setup. The ab- 
solute minimal measurable length in our setup is given 
by Ax min {< p >= 0) = Ax = 2aH (see Eq.(22) below). 
Due to duality of position and momentum operators, it 
is reasonable to assume Ax m i n cx Ap max . Now with 



cAp = ~(l - 2a < p > +4a 2 < p 2 > 



(12) 



in the boundary of the allowed region and setting < p >= 
to obtain absolute maximal momentum, we arrive at 



AxAp : 



1 



4a 2 < p 2 > 



(13) 



3 



Since Ap = y/ < p 2 > — < p > 2 , we find 

AxAp =^(l + Aa 2 (Ap) 2 + 4a 2 < p > 2 



This results in 



. . , 9 Ax , 1 
( A P) 2 -TT-^Ap+-^ = 0. 



So we find 



(Ap 



2a 2 h Aa 2 

AXr 



(14) 



(15) 



1 



■2n~h A/ ' ' ' In- (16) 



Now using the value of Ax rn i„, we find 

(Ap max ) Ap max - — 
a Aa z 

The solution of this equation is 

1 



Ap r , 



2a 



(17) 



(18) 



As a nontrivial assumption we assume this is the maxi- 
mal momentum in our setup. We use this value in our 
forthcoming arguments. 

In which follows, we reconsider the issue of Hilbert 
space representation of quantum mechanics in the line of 
Ref.[l| but with new ingredient coming from existence of 
a maximal momentum. We show that there are a lots of 
new implications in this framework. 



III. HILBERT SPACE REPRESENTATION 

As a nontrivial assumption, we assume the minimal ob- 
servable length to be also minimal, nonzero uncertainty 
in position. Therefore, we have no longer a Hilbert space 
representation on position space wave functions of the 
ordinary quantum mechanics. This is because there is 
no more physical state which is a position eigenstate \x), 
since an eigenstate would have zero uncertainty in posi- 
tion. This means that we must construct a new Hilbert 
space representation which is compatible with our com- 
mutation relation in GUP (11). Fortunately, by neglect- 
ing the presence of a minimal uncertainty in momentum, 
there still would exist a continuous momentum space rep- 
resentation, which means that we can explore the phys- 
ical implications of the minimal length by working with 
the convenient representation of the commutation rela- 
tions on momentum space wave functions. 



A. Some consequences in momentum space 

In this subsection we consider the momentum space 
representation. To obtain a minimum measurable uncer- 
tainty in position, the inequality (7) on the boundary of 
the allowed region gives 



AxAp 



( l-2a(p)+ 4a 2 (p 2 )) (19) 



Using (p 2 ) = (Ap) 2 + (p) 2 , this relation can be rewritten 
as a second order equation for Ap. The solutions for Ap 
are as follows 



Aa; \( Ax 
Ap = ± ■ ' ' 



Aa z h 



\Aa 2 h) 2a 



(2a (p) 



-1 - 



1 



4a 2 ' 
(20) 

The reality of solutions gives the following minimum 
value for Ax 



Ax min «p» = 2ah y/l-2a(p)+Aa 2 (p} 2 . (21) 

Therefore the absolutely smallest uncertainty in position, 
where (p) = 0, would be 



Axq = 2ah. 



(22) 



Now, in our momentum space, we take operators P and 
X in the form 



P =p 



1 — ap + 2a 2 p 2 ) x 



(23) 



(24) 



where x = ifr-§^ ■ Then by operating on momentum space 
wave function, we have 

P<p(p) = PV {p) (25) 



Xip(p) = ih(l -ap + 2a 2 p 2 j —ip(p) . (26) 

The scalar product in this representation should be 
modified due to the presence of the additional factor 
(1 — ap+2a 2 p 2 ) = GMm(p) and existence of the maximal 
momentum as 



(<%) = 



+p„, 



dp 



_ Ppl 1 — ap + 2a 2 p 2 



<T(p)^(p). (27) 



We note that in KMM (Kempf et al.) formalism, since 
there is no restriction on particle's momentum, the inte- 
grals are calculated from — oo to +oo. Here, the presence 
of the term —ap in GMm(p) implies the existence of a 
maximal particle's momentum (the Planck momentum, 
P p i = Mpic) which affects the scalar product as we see in 
Eq. (27) . This fact requires a reconsideration of the KMM 
formulation of the Hilbert space representation. In this 
framework, the identity operator would be represented 



as 



dp 



-P P i 1 — ap + 2a 2 p 2 



IpXpI, (28) 



and the scalar product of the momentum eigenstates 
changes to 

(p|p') = (l - ap + 2a 2 p 2 ) 6(p - p') . (29) 

The existence of maximal particle's momentum in addi- 
tion to minimal observable length, has several new impli- 
cations on the Hilbert space representation that we are 
going to study some of them in forthcoming sections. 
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B. Formal eigenstates of position operator in 
momentum space 

The position operator acting on momentum space 
eigenstates gives 



(30) 



tan 



'( 



AaP p i + 1 



e W 



{tan-^Htan-^iS^)} 



(35) 

This is the generalized, momentum space eigenstate of 
the position operator in the presence of both a minimal 
length and a maximal momentum. Now we calculate the 
scalar product of the formal position eigenstates as 



where by definition <p$(p) = {p\Cl is a formal position 
eigenstate and \() is an arbitrary state. So, we find 



By solving this differential equation, we obtain the formal 
position eigenvectors in the following form 



nip) = ^c(°) cx p [- *^77l tan ~^7f^ + 

"(^ }]■<-' 



tan 



Then by normalization, (tp\<fi) = 1 we have 
-+p p i 



J-P pl 1 - UP H 



+ 2a 2 p 2 



¥>{(p) ¥><(?) d P 



+p v 



ih(l-ap + 2aV)^ = <;Mp)- (31) aV j 



tan" 



p pl 1 - op - 



'4aP nl - 1 



-2^2 fete) nip) dp 



.(^^-.(iS^ti) 



+p„ e - ? S#('»-'<*)«»-'(i^)) 

1 — ap + 2a 2 p 2 



-dp 



aV7 



^AaPpt-l _! 4aP„, + l i-i 

tan ^ + tan '-= : 

y/7 V7 J 



,- 2 (C-C') tan -lf 4ap-l N 
1 »ftv? tal1 t^7^ 



ap + 2a 2 p 2 



-dp, 



(36) 



/+ p p' dp wilt 

_ Pp( l-ap + 2aV (33) result 



so, we find 



¥><(0) 



_! / 4aP p ; - 1 \ 



lan 1 ! q=r- — ] + 

V7 



tan 



V7 

V ^/7 



-1/2 



.(34) 



Thus the formal position eigenvectors in momentum 
space would be 



nip) 



'aV7 



tan 



. x / 4aP p ; -I N 



/ I \ TT -i i({ :^ tan"H) 

(VC'IVc) —Toe ° R v^ 



where by solving this integral, we find the following 



; 2({-C') 



tan _1 (- 



'V7' 



(37) 



where by definition 



2(C-C) 



Uui ' S - ' _ ) + 

n/7 



tan 



• (38) 



-tan"^- 



We note that since i — e l7r / 2 , Eq.(37) can be rewritten as 

f)_ {^#tan- 1( l^±i) + 



(39) 



I 

Figure 1 compares the behavior of (vdvc) versus C — C' m our an d the KMM frameworks. The scalar product 
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well-defined uncertainty in position Axi^\ which is inside 
the forbidden gap < Ax^) < Axo cannot have finite 
energy". As we have shown, there is no longer diver- 
gency in energy for the formal position eigenvectors and 
\(f£) have no longer infinite uncertainty in momentum. 
Nevertheless, we note that \<p^) are not physical states in 
our case too since Axo 7^ 0. 

This is an important implication of the presence of a 
maximal momentum which restricts the maximum value 
of the particle's momentum to an upper bound of P p i. 




FIG. 1. Variation of (yflVc) versus C — C- 



(tp^i \ip^} in our case has more broadening relative to the 
KMM case. 

Now we calculate the expectation value of energy for 
these formal position eigenvectors 



<^i£^c> 



+p P i 



1 ^ O 2 2 ^C(P) T~~ ^c(p) dp 

p 1 — ap + 2cr£r s 2m 



4m 



tan- ( 4a \~ 1 
V y/7 



■f tan 

+p p i 



AaP, 



Pi 



V7 



P 



_ Ppl l-ap + 2a V 

By solving this integral, we find 
2 



dp . (40) 



P" y = _jW7_ T -i 
2m' 22Ama 2 



,1-aP, 
56aP p ; + 71n(- 



pi 



2a 2 P; 



pi 



+ aP p i + 2d 2 Pi 

- 6-v/tt 



pi 

(41) 



where by definition 



T = tan" 



4qP p ; - 1 
V7 



tan" 1 ( Aa % +1 



As one can see by comparison with KMM formalism, un- 
like the KMM case, the expectation value of energy in our 
case is no longer divergent. Kempf et al. in Ref.[l| with 
just minimal length GUP, have stated that " the formal 
position eigenvectors |^) are not physical states, because 
they are not in the domain of P which physically means 
that they have infinite uncertainty in momentum and in 
particular also infinite energy " . As we have shown, in the 
presence of both minimal length and maximal momen- 
tum there is no divergency in energy spectrum. Kempf 
et al. have indicated also that " vectors lib) that have a 



IV. MAXIMAL LOCALIZATION AND ITS 
CONSEQUENCES 

Due to the presence of the minimal length, l p i — Axq — 
2ah, one cannot probe distances less than the Planck 
length. So, the very notion of the spacetime manifold 
should be reconsidered due to the finite resolution of the 
spacetime points. If we treat the problem in a realistic 
manner, we are forced to introduce the maximal localiza- 
tion states that are localized just up to the Planck length 
and there is no further localization possible in essence. 
In what follows, we concern on physical states that are 
maximally localized around a classical spacetime point. 
There is no longer the very notion of localization like that 
was in ordinary quantum mechanics. 



A. Some analysis on maximal localization states 

Now we consider the states \<p™ 1 ) of maximal localiza- 
tion around a position e that e > l p 



(<^|X|^) 



(42) 



As Kempf et al. mentioned in Ref. [l[ , from the positivity 
of the norm, that is, 

X-<X) + ^^(P-(P))) |^)|| > 0, (43) 

on the boundary of the physically allowed region, we have 
([X,P]>, 



X- X 



2(AP) 2 



(P-(P» \<p) = 0. (44) 



Using Eqs.(25) and (26), the differential equation in mo- 
mentum space corresponding to (44) is in the following 
form 



d_ 

dp 



^ih(l ~ap + 2a 2 p 2 ) 



1 + 2a 2 (Apf + 2a 2 (p) 2 - a(p) 
'' 2(A7)2 



(X) 



(p-<p))W)=0. (45) 



By solving this differential equation and taking into ac- 
count that (X) = e , we obtain the states of maximal 
localization as follows 



6 



-2 



.(*-<*)( 



l+2a 2 (Ap) 2 +2a 2 (p) 2 -a(p) 



L (-i=)+tan- 



v'T 



(46) 



where 



l + 2 Q 2 (Ap) 2 +2 Q 2 {p) 2 - Q (p) 

$ = y>™'(0) (l-ap + 2«V) 8 " 2 (^) 2 . 

For (p) = and Ap — ^ that are corresponding to the 
states of absolutely maximal localization and critical mo- 
mentum uncertainty, the minimal position uncertainty is 
recovered. The corresponding states are given as 



-^(tan-i^+tan-^i^i) 



(1 — ap + 2a 2 p 2 



tan- 1 (^)+tan- 1 (lH£ii) 



e — v - /. (47) 

By normalization to unity, (<p™ \ip™ 1 ) = 1, we find 



1 



-p pl 1 - a P + 2a V 



(p)<p7 1 (p) dp 



<p? l (Q)<pf (0) 
which gives 



-Ppi e 7f ' 



tan L (-i=)+tan _:L (- 



(1 — ap + 2a 2 p 2 ) 2 



-dp, 

(48) 



v / 8e' ,tan - 

-7jtan _1 (?j/3) 



-1/2 „ 



P 2 



tan _1 (r;/3) 



(49) 



where, rj = 4aP jL 1 = since, P pi = Therefore, 

the momentum space wave functions ip™ 1 (p) of the states 
that are maximally localized around a position e, (X) = 
e, are in the following form 



' 6a 



(1 — ap + 2a 2 p 2 )~< 



. 3tan -i ( l^i) 



(50) 



One can see easily the difference between this result and 
the corresponding wave function obtained by Kempf et 
al. This difference has its origin on the presence of 
the term that is first order of momentum in the right 
hand side of Eq.(24), which implies the existence of a 
maximal momentum. 

Now we calculate the expectation value of energy for 
this maximal localization state wave function 



Ppl 1 ,* P 2 

{p)^7\p)d P = 

_ Ppi 1 — ap + 2a z p z 2m 



3a 
rn 



^/ggTjtan 1 {rj) _ g-rjtan 1 (n/3) 



_ Ppl (1 - ap + 2a 2 p 2 ) 5 / 2 
Solving this integral, we obtain 



p 2 dp. (51) 



P 



1 /lv / 2e J?tan — 3e~' ,tan 1 ( r >/ 3 ) 



2m Ama 2 \2 v / 8e ??tan 1 M — e ~v^n~ 1 {r 1 /3) 



(52) 



This result differs with Kempf et al. result by the factor 
in the parenthesis. With r\ = -^=, since 



y/2 e I?tan 1 ^'- > — 3 e ^ r i tan l ( T >/ 3 ) ~ 1.71 



and 



y/g e 'ftan 1 (tj) _ g -77 tan 1 (v/3) 



6.75, 



the expectation value of energy for our maximal localiza- 
tion state wave function would be 



P 



1 



■ , ■ (53) 

Am 62ma z 

Comparing this result with obtained by KMM (with 

/3 « 2a 2 ), shows the important role played by the maxi- 
mal momentum in this setup. The scalar product of the 
maximal localization states is as follows 



-( v t S ,n- 1 (^£^) 



Pl (1 - ap + 2a 2 p 2 fl 2 



ta„-( S ) + tan-(l^) 



dp - 



_ I H^) t a„- 1 (f) f +Ppl e 



C e - % ^K7T™ n ^ 



P ; (1 - ap + 2a 2 p 2 ) 5 / 2 



ahV7 \ y s/7 ' I 

e V / dp ■■ 



7 



32^2 „ -i^l 
——C e ^77 
49a 



— tan -1 



- tan- 1 (3/VT) 



1 + tan' i (u / 



3/2 



(55) 



AG,j 



9afiA 2 - 96a 3 ft 3 + i(A 3 - 46a 2 h 2 A) 



2V2 



12a 3 ft 3 - 3aftA 2 + z(16a 2 ft 2 A - A 3 ) 



(56) 



where by definition 



A 



-1(^-2 tan- 1 (77)) -*^f tan ^S) 



2^/2 72a 4 /i 4 - 31a 2 fr 2 A 2 + A 4 + i(66a 3 /i 3 A - 6aftA 3 ) 



Co 



6ct 



y/g e ^tan 1 (77) _ g -r;tan 



-i -1 



3afitan _1 (\/7) + i 2Atan- 1 (r ? ) 
ctW7 



n = 



= — ( 7T- 2tan" 1 (V7) 



4ap-l 

u = tan ( = — ) 

V7 



V = 



V7 



As in the KMM case, there is no mutual orthogonality 
of the maximal localization states in this case too. This 
is a consequence of the spacetime fuzziness at the Planck 
scale. Figure 2 shows the behavior of ((f^lf™ 1 ) versus 
e-e'. 



B. Quasiposition representation 

Here we consider the concept of quasi position wave 
function by projecting arbitrary states on maximally lo- 
calized states to obtain the probability amplitude for the 
particle being maximally localized around a position. We 
take \(f>) as an arbitrary state, then the probability ampli- 
tude on maximal localization states around the position 
e is (<p^ l \<j>} that we introduce it as the state's quasipo- 
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■ KMM Result ■ 



■ Our Result 



FIG. 2. Variation of versus e ~ e' . 



sition wavefunction <p(s). The transformation of a state's 
wavefunction in the momentum representation into its 
quasiposition wave function now would be 



(s)=VC 



+p p 



(l-ap + 2aV) 7/4 



tan _1 (§ )+ta 



r- 



V7 



Using the relation between energy and momentum E 
p 2 /2m we obtain 



E(X) 



tan(2 



xhV7\ 



V7 + tan(^f^) 



So, we find 



E(X ) = 



P, 



2m 



(62) 



(63) 



4>{p)dp . 



This transformation that maps momentum space wave 
functions into quasiposition space wave functions is the 
generalization of the Fourier transformation. 

Similar to the ordinary quantum mechanics case, we 
can write 



that is in agreement with ordinary quantum mechanics 
and doesn't diverge. The importance of this result is 
that unlike the KMM results (where the quasiposition 
wavcfunctions in contrast to ordinary quantum mechan- 
ics case had no longer arbitrarily fine ripples, because the 
energy of the short wavelength modes were divergent), 
here similar to ordinary quantum mechanics case those 
wavefunctions can have arbitrarily fine ripples because 
there is no longer divergency in energy for Ao . This is an 
important outcome of our formalism with a GUP that 
contains both minimal length and maximal momentum. 
If we set m s» M p i, then the energy of the short wave- 
length modes will be the Planck energy E(Xq) m E p i. 
Note that Eq.(62) in the limit of a — > gives the result 

P 2 

lim E x = — 

a-X) 2m 

(5$hich is reliable in the context of the correspondence 
principle. 



C. Some consequences of the quasiposition 
representation 



= e iKs 



so that 



K 



(58) 



(59) 



is the modified wavenumber in our proposed setup. 
Therefore, 



Hp) 



HV7 



tan-Hi) + tan-i(^) (60) 



would be the modified wavelength for the quasiposition 
wavefunction of physical states. Since a/0 and p is fi- 
nite (limited to the Planck momentum) , there is no wave- 
length smaller than 



Ao = X(P p i) = 



tan _1 (?) + tan _1 ( 



(61) 



By inverse Fourier transform of equation (57), we ob- 
tain 



(j>{p) = A 



-|-oo 



1 — ap + 2a 2 p 2 I ( 



3/4 [ | tan -i ( i^) 



(e)de (64) 



which is transformation of a quasiposition wavefunction 
into a momentum space wave function, where Ao is given 
by 



A EE 



Y^g e »7tau 1 (ri) _ g -r;tan 1 (r//3) 

24 7T 2 h 2 a 



1/2 



with 



n 



V7' 



Note that the integral now is computed over — 00 to +00, 
because it is over de not dp. 
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From Eq.(64) and adopting the same strategy as in 
ordinary quantum mechanics, we can obtain the gener- 
alized form of the momentum operator in quasiposition 
space. To do this end, we note that the quasiposition rep- 
resentation is a generalized position space representation 
respecting the fact that the notion of point is no longer 
the same as in classical physics or ordinary quantum me- 
chanics. Because now there is a minimum measurable 
length of the order of the Planck length that restricts 
possible resolution of spacetime points. In analogy with 
ordinary quantum mechanics, here we consider a gener- 
alized plane wave profile in our generalized space. Then, 
from Eq.(58) we can deduce 



9_ 4 J7?( tan_1 ^)+tan- 1 (^) 



de 



w?( tan ( I )+tan { — 



(65) 



Formally this is equivalent to set 



— 7£=(f* (3) + tan (^7T }) - (66) 



Since 



tan tan ( — ) + tan = 

a simple calculation gives 



\flotp 



ap 



9 tan 
P = - - 

a v^ + tanf^ \d t 



(67) 



Using Eq.(26) and by the action of X on momentum 
space wave functions (64) , we derive the form of position 
operator in quasiposition space as 



tan 



% 6ah 



( a\/7 ho. 

\ 2 i a f 



V7 + tan(^| 



(68) 



So, the position and momentum operators X and P in 
quasiposition space can be expressed in terms of the mul- 
tiplication and differentiation operators e and jd e = p £ 
which obey the commutation relations of the ordinary 
quantum mechanics. Note that in the limit of a — > 0, we 
recover the corresponding ordinary quantum mechanics 
results as 



lim P 

a->0 



h 8 

i de 



and 



lim X = e 



respectively. 

We stress that as a result of quasiposition representa- 
tion encoded in definition of X and P, now [X;, Xj] = 0. 
This means that quasiposition coordinates are no longer 
noncommutative. In fact, noncommutativity at quan- 
tum gravity level now is implemented in the definition 
of quasiposition representation and generalization of the 
notion of spacetime point. 

Now we calculate the scalar product of states \<j>) and 
in terms of the quasiposition wavefunctions <p(p) and 
ip(jp), namely 



I 



p P i 1 _ a P + 2a v 



(f>*(p)ip(p)dp 



P v i /*+oo /*+oo 



1/2 



K z I I I ( G Mm (p) I ■ 

-PpL ^ — OO J — OO 



e v / <t>*{£)^{£')dp d£ de'(69) 

where by definition 

G Mm (p) = l-ap + 2a 2 p 2 . (70) 

The difference with original KMM theory comes from the 
difference between our Gum (p) and that of KMM defined 
&sG m {p) = l + (3p 2 . 



V. 



EXTENSION TO n DIMENSIONS 



Following the KMM seminal work 1], in this section we 
extend our basic GUP to n dimensions and then we study 
modification of the Heisenberg algebra and rotation group 
due to this extension. 



A. Generalized Heisenberg algebra in n dimensions 

Generalization of the Heisenberg algebra to n-dimensions 
where rotational symmetry is preserved and there are both a 
minimal length and a maximal momentum is 



[Xi, Pj] = ih 8ij{l - ap + 2a 2 p 2 



(71) 



where in three dimensions p = p x i + p y ] + p z k that i, j and 
k are unit vectors of Cartesian coordinates and p = ^/p • 
These commutation relations imply a nonzero minimal uncer- 
tainty in each position coordinate. As in ordinary quantum 
mechanics, we have 

[Pi,P 3 -]=0. (72) 

So, we can generalize our operators acting on momentum 
space in n-dimensions as 



Pi ip(p) = p t <p(p) . 



(73) 



X, <p(p) = ih (1 - ap + 2a 2 p 2 ) A p(p) . (74) 

Opj 



10 



Then, it is easy to show that 
[X*,Xj] = iah (4a - 



— ) (PiXj — P 7 'Xi 
P 



(75) 



Interestingly, now there is a term proportional to i that was 
absent in original KMM formalism. This relation reflects the 
noncommutative nature of the spacetime manifold in Planck 
scale. One may worry about divergence for vanishing momen- 
tum. This term originates from introduction of the \fp^ term 
in our original GUP. A square root is generally more difficult 
to handle than polynomials. In our case the "singularity" 
arises because the derivative of the square root diverges at 
p — 0. But, fortunately this is not a bad singularity since 
the numerator in (75) is linear in p too. We note that in a 
more general framework, one should incorporate also the ex- 
istence of a minimal measurable momentum. That case is far 
more difficult than the current study since both position and 
momentum space representation fail to be applicable and one 
needs to construct a new and generalized Hilbert space of the 
model. We are going to study this issue in a new research 
program. 

Now, if we set Gjwm(p) = 1 — /(p) + <?(p 2 ) as a general- 
ization of the previously defined Gjum(p) in Eq.(63), then we 
find 

tX i ,P J ]=»fi 6a ( 1 - /(p) + g(tf) 
Then it is straightforward to show that 



(76) 



ih{ i-/(p) + s(p 



X, <p(p) = 
Therefore we find 



[X i ,X j ] = -ih(-f'(p) + 2g'(p 2 
where by definition 



and 



9 (P 



(77) 



(78) 



dp 2 



For our case /(p) and g(p ) are — ap and 2a p respec- 
tively. 

The position and momentum operators are symmetric on 
the domain of their definitions with respect to the following 
scalar product in n dimensions 



(<%> = 



*'(p) <p(p) dr 



Pp; 1 - ap + 2a 2 p 
In this case, the identity operator can be expanded as 

r + Ppl 1 



1 — ap + 2a 2 p 



IpXpI d n p. 



(79) 



(80) 



Therefore, the scalar product of momentum eigenstates in n 
dimensions is expressed as 

<p|p'} = (l-ap + 2a 2 p 2 ) «5 n (p-p'). (81) 

At this stage we note that momentum operators can be self- 
adjoint in this n dimensional case, but the position operators 
are merely symmetric and do not have physical eigenstates 
(see also 0]). As what we have done in previous sections 
for one dimension, maximal localization states can again be 
used to define quasi-position wave functions in n dimensions. 
The machinery is the same as we have done for one dimension 
and we don't repeat it again. Nevertheless, the quasi-position 
analysis in n dimensional case is more complicated. Following 
0|, now we focus on rotation group. 



B. The status of the rotation group 

Similar to the KMM scenario, here the rotational symme- 
try is respected too. Nevertheless, some modifications are 
needed due to the existence of a maximal momentum. Spe- 
cially, the generalization to n dimensions proceeds in the same 
line as KMM theory but now with a new ingredient originat- 
ing from maximal momentum. The generators of rotation in 
our framework are 



(X-iPj XjPi 



(82) 



3 1 — ap + 2a 2 p 2 
The action on a momentum-space wave function reads 

where the following properties are deduced 

[Pi, Ljfe] = ih(dn p - 5ijP fc ) (84) 

[x i; h jk ] = ih(s ik Xj - SijXk) (85) 

[Ly,Lfei] = ih[s i k'Lji — SaLjk + SjiLik — SjkLii) , (86) 

and are essentially the same as one encounters in ordinary 
quantum mechanics. However, the main change now appears 
in the relation 



[Xi, Xj] = -iah (4a - -) (1 - ap + 2a 2 p 2 ) L ZJ . (87) 

Again, the — term which was absent in the original KMM 
formalism is a trace of the existence of the maximal momen- 
tum. Once again, this relation reflects the noncommutative 
nature of the spacetime manifold in Planck scale. 



C. Symmetry and self-adjointness of position and 
momentum operators 

Finally, the issue of symmetry and self-adjointness of op- 
erators in this setup is important enough to be treated more 
carefully. Generally, with a formally self-adjoint operator A 
in the presence of a minimal measurable length, one cannot 
conclude that A is truly a self-adjoint operator. This is be- 
cause with a minimal measurable length the domains D(A) 
and D(A^) may be so different in general. By definition, op- 
erator A with dense domain D(A) is said to be self-adjoint if 
D(A) = D(A f ) and A = A 1 ". As KMM have shown, due to 
existence of a minimal measurable length, X is a symmetric 
operator, but not self-adjoint []| (see also [13]). In our case, 
due to existence of a maximal momentum, the momentum 
space wave function cf>(p) vanishes at p — ±Pm where Pm is 
the maximal momentum. In this situation, X is a derivative 
operator on an interval with Dirichlet boundary conditions. 
Nevertheless, X cannot be self-adjoint since all candidates for 
the eigenfunctions of X are not in the domain of X because 
they obey no longer the Dirichlet boundary conditions [38l ]. 
In fact, the domain of X 1 ^ is much larger than that of X, so 



11 



X is indeed not self-adjoint. To be more precise, note that in 
our case 



+ihtp* (p)(p(p) 



+Pm 



-Pm 



Since (f>{p) vanishes at p = ±Pm, then ip*(p) can attain any 
arbitrary value at the boundaries. The above equation implies 
that X is symmetric, but it is not a self-adjoint operator. In 
this respect, X acts on 

D(X) = {0,0' G L 2 ( - P m ,Pm)-A{Pm) = H~Pm) = 0} 

while X' that has the same formal expression, acts on a dif- 
ferent space of functions, namely 

7}(x f ) = V' ei 2 (- Pm,Pm)} 

with no further restriction on ip. Nevertheless, as Kempf has 
shown in [3f| (see also there are self-adjoint extensions 
of position operator. Since we have worked in the basis that 
there is no minimal uncertainty of momentum operator, the 
analysis presented in Ref.[3j| is essentially applicable to our 
case too. In fact, bi-adjoint operator of the densely defined 
symmetric position operator is symmetric and closed and has 
non-empty deficiency subspaces. From the dimensionalities 
of these subspaces one concludes that the position operator 
is no longer essentially self-adjoint but has a continuous, one- 
parameter family of self-adjoint extensions instead pj. On the 
other hand, the self-adjointness property of P can be proven 
by using the von Neumann's theorem (see for instance 14011 
and [5]]) in the same way as has been shown in [37j and [38| . 
We refer the reader to Refs.[4^]-[50l| for further developments 
of these issues. 



measurable length of the order of Planck length. Also, based 
on Doubly Special Relativity theories, a test particle's mo- 
mentum cannot attain any arbitrary values and is restricted 
to a maximal value of the order of Planck momentum. 
Hilbert space representation of quantum mechanics with 
a minimal measurable length has been studied by Kempf 
et al. [0] (see also [13], H and [12]- 0). Here we have 
generalized the KMM seminal work to the case that there is 
also a maximal test particle's momentum. We have shown 
that in the presence of both minimal length and maximal 
momentum there is no divergency in energy spectrum of 
a test particle. Unlike the KMM case that energies of 
the short wavelength modes were divergent, in our case 
there is no divergency in energy at short wavelengths. As 
a result, while in the KMM case, where the quasiposition 
wavefunctions had no longer arbitrarily fine ripples, in the 
presence of maximal momentum those wavefunctions can 
have arbitrarily fine ripples. In this respect unlike the 
KMM scenario, we obtained correct limiting equations in the 
language of the correspondence principle. As we have shown, 
position operator X is symmetric but not self-adjoint in our 
case. Nevertheless, since there is no minimal uncertainty 
in momentum, the self-adjointness of P is guarantied by 
the von Neumann's theorem. We note however that even 
for the self-adjoint position and momentum operators, it 
is by no means obvious that the resulting Hamiltonian for 
physical systems will be self-adjoint unless the potential term 
is specified and the appropriate domain is chosen. Finally, 
we note that a more general treatment of the Hilbert space 
representation includes also a nonzero, minimal uncertainty 
in momentum measurement as well as position. This general 
case is far more difficult to handle since neither a position 
nor a momentum space representation is available. This 
feature can be considered as a new research program. 
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